Abstract-Recently introduced model-free control method has witnessed successful applications in various domains. While the framework of model-free control renders it simple and efficient, it imposes difficulties in implementing the method for complex applications under external constraints. Moreover, there is a lack of literature on the study and application of model-free control under constrained environments. This paper attempts to further the study of model-free control by employing it for monitoring indoor temperature of buildings through the control of heating, ventilation and air-conditioning (HVAC) systems, and studying the control design stability conditions under constrained inputs. Two kinds of constraints on the control input are considered and their stability conditions are investigated. The developed framework aims to highlight a potential path to analyze the stability under a given set of constraints. Accordingly, the developed framework is applied to a previously developed methodology that aimed to control the indoor temperatures of buildings with locally generated solar photovoltaic (PV) energy, by structuring the constraints therein. The results of employing model-free control on building HVAC systems under unconstrained and constrained inputs are presented. The role of the model estimation error on the stability is also discussed.
I. INTRODUCTION
There has been a growing interest to make buildings more energy efficient. Since the Heating, Ventilation, and AirConditioning (HVAC) system is the primary energy consuming unit in a building, improving the efficiency of the HVAC system is a key step towards energy-efficient buildings. Most control strategies applied to HVAC systems perform better when the available model of the system is accurate. However, as noted in [1] , despite the numerous efforts in construction of a model for building HVAC systems, almost all models have shortcomings generated from assumptions, unmeasured disturbances, or uncertainties in some system properties. Moreover, comprehensive models, although accurate enough, are too complex to be employed in the development of a control strategy. In such a case, a data-driven control strategy, which is independent of the model of the system, is attractive. Accordingly, it will be interesting to continue exploring one such control strategy -the model-free control This manuscript has been authored by UT-Battelle, LLC, under contract DE-AC05-00OR22725 with the U.S. Department of Energy. [2] -as previously carried out in [3] .
Although recently introduced, MFC has been successfully applied in various domains. For example, MFC was used to regulate an experimental greenhouse in [4] and for stabilization of active magnetic bearing in [5] . In [6] , it was used to enhance the performance of heaving wave energy converters. As we will see in Section II, MFC uses an ultra-local model (approximation) of the system, that is estimated in real-time. This allows MFC to be implemented in nonlinear systems as well. Accordingly, MFC was used in nonlinear quadrotor system in [7] . Further, it is shown in [8] that MFC can be easily implemented on cheap and small programmable devices.
Despite the seeming ubiquitous application of MFC, there are some limitations. As will be clear in Section II, the foundation of MFC is its ultra-local model of the system. Although the approximation is simple and efficient, it applies only to single input single output (SISO) systems. MFC was applied to multiple input multiple output (MIMO) systems in [4] , [7] . However, the MIMO systems considered therein were decoupled, allowing for them to be treated as a composition of SISO systems. Another main limitation of MFC is the lack of a framework for embedding and handling constraints. While this property of MFC makes the design and implementation easy, it imposes difficulties in employing MFC in real-life where systems are often constrained externally.
For example, consider the problem statement of making buildings energy-efficient. Because over the past few years there has been a growing interest in renewable sources of energy, the need for their integration in day-to-day energy consumption is increasing. Unfortunately, due to unpredictable weather conditions, relying on renewable sources is challenging. Accordingly, there have been several attempts to develop ways to reduce the uncertainty associated with renewable energy, see [9] , [10] , and [11] . It is known that buildings consume 40% of electricity produced in the United States [12] and, currently, they are largely passive participants in the electric grid. So, their flexibility in loads can be exploited to reduce the uncertainty associated with renewable energy. An attempt in this direction is to employ all of the locally generated renewable energy in the cooling of the local buildings [3] . Therefore, while the building temperature controller is expected to maintain the building temperature at a desired reference point, it is expected to do so with the allocated energy. The usage of only the allocated amount of energy translates to constraints on the control input to the building HVAC system. However, employing MFC would make it difficult to satisfy all of the objectives defined.
The problem of controlling indoor temperatures of buildings with the locally generated solar photovoltaic (PV) energy was considered in [13] , [14] and [3] . It was seen in the simulations' results in [3] that the overall control design was stable. In this paper, we establish the theoretical reasons for the design therein that was verified to be stable in simulations. In order to do so, we break-down the problem by first embedding constraints of particular forms on the control input and studying the stability of the control design under such constraints, and then investigating the stability of the entire control design with external PV tracking constraint. In Section II, we briefly review MFC. In Section III, we mathematically pose certain constraints on the HVAC input and analyze the stability of the following control design. The developed stability framework is verified in simulations in Section IV. We conclude the paper with some remarks and future work in Section V.
II. OVERVIEW OF MODEL-FREE CONTROL
In this Section, we will review MFC for a general SISO system operating under unconstrained input and look into the associated stability conditions. The corresponding simulation results specific to the building HVAC system will be dealt with in Section IV.
To control the temperature of the building, the model-free control technique as introduced in [2] is employed. The SISO system is approximated by an ultra-local model as:
Here, u and y are the input and output of the system, and F describes the poorly known or unknown parts of the system. The parameter α is to correct for the difference in the magnitudes of the input and the output. F is approximated by a piecewise constant function φ that is given as [2] :
Note that φ is estimated using the measurements of the system obtained in the last L seconds and accordingly F is continuously updated. Using the latest F , the intelligentproportional control law is given by [2] :
Here, y * is the desired reference trajectory and K p is the proportional gain. Combining (1) and (3) provides the error dynamics [2] :ė
where e = y − y * is the tracking error. With t 0 as the initial time, the solution of this differential equation is:
Without loss of generality, let t 0 = 0 for all of the following. Equation (5) shows that the error asymptotically decays to 0 for K p > 0, making the tuning of the proportional gain straight-forward. The only other tuning parameters that need to be manually set are α and L [2] . Equation (5) shows that, for appropriate value of the proportional gain, the system is asymptotically stable for unconstrained control input. However, in reality, most systems need the control input to be saturated. Moreover, in many applications external constraints need to be imposed on the control input. For example, in conventional building HVAC systems, the HVAC unit can only be operated in different stages i.e., u ∈ {0, 1, 2, . . .} or it could only be switched on or off (u ∈ {0, 1}). In the next section, we will mathematically pose these constraints and evaluate the stability of the MFC design under each of these constraints.
III. STABILITY ANALYSIS
In this section, we first consider the constraint where the control input can only take discrete values (as in multi-stage HVAC unit where u ∈ {0, 1, 2, . . .}), and then we consider the constraint where the control input can only be either on or off. The second constraint inherently includes simultaneous saturation and discretization of the control input.
Let u be the value of control input obtained from the model-free control law (3) and u r be the constrained input that is ultimately supplied to the plant. Accordingly, the model of the plant will be transformed as:
Since it is the constrained input u r that is ultimately delivered to the plant, F r is approximated by φ r that will be computed using u r as:
Using the latest F r , u will be computed as:
Finally, u r is obtained by constraining u, and the definition of u r will be specific to the constraint formulation as in the following sections.
A. Constraint of discrete input
The constraint of discrete control input can be formulated as round-off value of the original control input u, i.e., u r = round(u), which is given by:
where . is the floor function defined as:
and Z is the set of integers. The following relation holds true between u and u r :
Substituting for u from (8) and for u r from (6), we obtain:
Similarly, the right-hand side:
Therefore, ∀u ∈ R, we obtain the following error dynamics when the control input is discretized:
In order to further investigate the stability conditions when the control input is constrained, we need to solve the associated differential inequality (12) . We employ the result of Lemma 1 from [15] , which is restated here:
then ∀x ≥ x 0 the following holds:
If the converse holds in (13) , then the converse holds in (14) too.
Applying the result of Lemma III.1 to the right-hand side of (12), we obtain,
Similarly, applying the result of Lemma III.1 to the lefthand side of (12), we obtain,
Combining (15) and (16), we obtain the solution of the differential inequality of the error dynamics in (12) when the control input is constrained:
By comparing (17) and (5), it can be observed that when the control input is constrained, the error stays within ± 0.5α (5). Furthermore, as t → ∞, the error associated with constrained input will be within ± 0.5α Kp of the error obtained when the input is not constrained.
Since the error in the case of discretization-constrained control input is within a finite band of the asymptotically decaying error of (5), it is concluded that the MFC design leads to bounded output (hence stable controlled system) even when the control input is constrained as in (9).
B. Constraint of on-off input
Now we consider the constraint where the control input can either be on or off, as in the case of a single-stage HVAC unit. Without loss of generality, this constraint can be formulated as:
where 0 < M < 1. Equation (18) simultaneously imposes discretization and saturation constraints on the control input. Let us now continue the evaluation on a case-by-case basis. Case 1: u < M From (18) and (6), we have u r = 0,ẏ = F r and because u < M ,
Case 2: u ≥ M Similarly, from (18) and (6), we have u r = 1,ẏ = F r + α and because u ≥ M ,
Combining (19) and (20), we obtain the following error dynamics:
It can be seen that the error dynamics in (21) are in the same form as the error dynamics associated with the discretization constraint, (12) . Hence, as in Section III-A, it is concluded that the MFC design leads to a stable system when there is a simultaneous imposition of saturation and discretization constraint.
IV. SIMULATION RESULTS
In Section III, it was theoretically established that MFC leads to a stable system for the considered constraints. In this section, we verify the developed theoretical conditions by presenting simulation results of a system controlled under unconstrained and constrained MFC.
The main motivation for development of stability framework under the specific constraints (9) and (18) was the operational constraints on the building HVAC system, i.e., u ∈ {0, 1}. We will consider the building HVAC system for verification of the aforementioned constraints through simulation results in Section IV-A. Since the ultimate aim of this work is to theoretically approach the stability conditions in the control of building indoor temperature with the locally generated solar PV energy, we will consider this case in Section IV-B.
A. Verification of basic constraints
The mathematical model for the building HVAC system employed for simulation is given by the state space formulation [16] , [17] :ẋ
where u ∈ R is the input to the HVAC system, w ∈ R 2 is the disturbance, and y ∈ R is the measured indoor temperature. u is the only controllable input to the system. The disturbances considered in w are the external temperature (denoted u e ) and solar irradiance (denoted u s ). These are the measurements obtained in the summer of 2017 in Knoxville, TN, USA. The profile of disturbances, a subset of which is employed in the subsequent simulations, is shown in Fig. 1 . The system matrices in (22) are parameterized as:
where the parameters are: Here, a d = 1.225kg/m 3 is the air density, v a = 550m 3 is the volume of the air, and c p = 1033J/kgC is the specific heat of the air. The continuous time model (22) is used in simulations as a discrete-time model with 10 minutes discretization.
MFC is designed for the considered building HVAC system for three different scenarios: 1) There is no constraint on the control input.
2) The control input is rounded-off (as in Section III-A).
3) The control input is constrained to on or off (as in Section III-B) .
In the simulations, we use α = 1, L = 3600 and K p = 10. The errors in the indoor temperatures obtained in all three scenarios are shown in Fig. 2 and the corresponding control inputs are shown in Fig. 3 .
There are some noteworthy points in the results. In the first scenario, the error is expected to be asymptotically decaying as governed by (5) . However, we observe an oscillatory response. The amplitude and frequency of the oscillations is dependent on the value of the proportional gain K p . The reason for the observed oscillations can be attributed to the estimation error, i.e., φ r = F r .
Let the estimation error be bounded, i.e., |φ r − F r | ≤ , for some > 0. As in Section III, using (6) and (8), the associated error dynamics can be derived to be:
Equation (23) conveys that, practically, the error settles within an band of 0 instead of asymptotically decaying to 0. As the estimation error is not constant over time, the corresponding error margin also varies. Moreover, the estimate (along with the proportional gain) influences the control input (given in (3)) and the control input in turn influences the estimate with a lag. Therefore, for the aforementioned reasons, even though we expect asymptotically decaying behavior in the error for any K p > 0, the observed behavior is not compliant with (5). While the error in the first scenario deviates from the expected behavior by oscillations, we observe that the errors in the second and the third scenarios are almost as expected. From the comparison of (5) and (17), we expect the error in the second and the third scenarios to be within a certain band of the error in the first scenario. The upper and lower bounds of the band are shown in dotted red line in Fig. 2 . Except for the slight excursion out of the band by the error in the third scenario, we observe that the constrained error stays within a known band of the unconstrained error.
B. Verification of algorithmic constraints
The generated solar PV energy must be allocated among all the buildings while maintaining each of their indoor temperature within a desired comfort band.
The building model considered for simulations here is the same as in Section IV-A. Our objective is to verify the stability of the design that aims to control the indoor temperatures of N number of buildings using the generated solar PV energy. This implies that the generated energy is divided among all N buildings. Let the generated solar PV energy be denoted as E. The constraint of employing all of the generated energy can be mathematically expressed as:
where E k (t) is the energy consumed by the k th building at time t and is the permissible tolerance in the tracking error. From the dynamics of the building HVAC model, E k (t) is given as E k (t) = 3.5u k (t), where u k (t) is the control input of the k th building HVAC system at time t. The algorithm employed to achieve such objectives and the corresponding results were presented in [3] . It was seen in the simulation results therein that the control design was stable despite the additional external constraints. In the following, we will theoretically verify the stability of the design.
The methodology to achieve the aforementioned objective is introduced in [3] and recapitulated here:
1. For each building k, at each timestep t, previous L timesteps of measurements are fed to the model-free controller, i.e.,
Calculate the corresponding energy that will be consumed with u k (t + 1) as the input, i.e., E k (t + 1) = 3.5u k (t + 1). 3. Check if the total energy to be consumed satisfies or violates the constraint (24) i.e.,
If the constraint (24) is satisfied, then the control input to the k th building is u k (t + 1) roundoff. 5. If the constraint (24) is violated, then the buildings that require cooling the most are decided based on the value of u k (t + 1). For example, if u 29 = 0.9 and u 87 = 0.7, then the 29 th building will be turned on at this timestep. 6. The previous step is carried out until all the available energy is allotted. As mentioned in step 4, if the constraint (24) is satisfied, the control input is rounded off to {0, 1} and supplied to the system. In this case, we obtain a stable design as seen in Section III-B.
Consider the case of violation of constraint (24) as in step 5. Let the number of buildings that can be turned on be N on = E(t + 1)/3.5 . Let I ⊂ {1, 2, . . . , N } with cardinality N on such that ∀i ∈ I, u i (t + 1) > u i / ∈I (t + 1). Let β = min{u i (t + 1) : i ∈ I} Then, from the methodology described previously, we have, ∀k ∈ {1, 2, . . . , N },
Note that (25) is identical to (18). Therefore, from the results of Section III, it can be concluded that in the case of violation of constraint (24), stability is preserved.
Therefore, we can conclude that the methodology employed for achieving the predefined objective of controlling the indoor temperatures of buildings while employing all of the locally generated solar PV energy leads to a stable control design.
V. CONCLUSIONS
The problem statement of stability of MFC method under constrained input was considered. It was theoretically shown that for discretization and saturation constraints on the control input, the stability of the control design is preserved. The results of application of MFC on the building HVAC system revealed that, though the system is stable, the output error in the case of unconstrained control input deviates from the expected behavior due to the model estimation errors. However, the error obtained with the constrained input is within the expected band of the error obtained with unconstrained input. Hence, it can be concluded that the MFC method leads to stable control design for the considered cases of constraints on the control input. Furthermore, by employing the developed stability framework, it can be concluded that the considered control design with external PV constraints is theoretically verified to be stable.
